We consider colour symmetries for planar tilings of certain n-fold rotational symmetry. The colourings are such that one colour occupies a submodule of n-fold symmetry, while the other colours encode the cosets. We determine the possible number of colours and count inequivalent colouring solutions with those numbers. The corresponding Dirichlet series generating functions are zeta functions of cyclotomic fields. The cases with φ(n) ≤ 8, where φ is Euler's totient function, have been completely presented in previous publications. The same methods can be employed to extend the classification to all cases where the cyclotomic integers have class number one. Several examples for symmetries with φ(n) > 8 are discussed here.
Introduction
Colour symmetries of crystals and quasicrystals continue to attract a lot of attention, simply because so little is known about their classification [7] . A first step in this analysis consists in answering the question how many different colourings of an infinite point set exist which are compatible with its underlying symmetry. More precisely, one has to determine the possible numbers of colours, and to count the corresponding possibilities to distribute the colours over the point set (up to permutations).
To simplify the situation, one demands that one colour occupies a subset which is of the same Bravais type as the original set, while the other colours encode the cosets. Several results are known in this case and can be given in closed form [1, 4, 5, 7, 8] . Of particular interest are planar cases because, on the one hand, they show up in quasicrystalline T -phases, and, on the other hand, they are linked to the rather interesting classification [9] of planar Bravais classes with n-fold symmetry (if n is odd, the symmetry is 2n-fold).
The symmetry cases are grouped into classes with equal value of the Euler function
Note that φ(n) = 2 are the crystallographic cases n = 3 (triangular lattice) and n = 4 (square lattice), while φ(n) ≥ 4 are the non-crystallographic ones.
Number Theoretic Formulation
The standard Bravais colouring of planar modules with n-fold symmetry is most efficiently described in terms of the Dedekind zeta function of the cyclotomic field Q(ξ n ), where ξ n is a primitive n-th root of unity (e.g., ξ n = e 2πi/n ), provided this field has class number one [10, 9] . If a n (k) denotes the number of colourings of the module M n = Z[ξ n ] with k colours (up to permutations of the colours), one obtains
where the Euler factors have the form
with characteristic numbers and m that depend on p and n. This allows to calculate a n (p r ) for r ≥ 0, and then a n (k) for arbitrary k by means of the multiplicativity of this arithmetic function (one has a n (kk ) = a n (k) a n (k ) for coprime integers k, k ).
Examples
All cases with φ(n) ≤ 8 are given in [1, 3, 4, 7, 8] . The general theory is explained in [5, 7] . Our first example is the only case with φ(n) = 10, which is n = 11: 
An example is shown in Figure 1 .
There are four solutions to the equation φ(n) = 12 with n ≡ 2 mod 4, namely n ∈ {13, 21, 28, 36}. The first few terms of the corresponding Dirichlet series read ζ M13 (s) = 1 + 1 13 s + Fig. 1 . The figure shows the colouring of an elevenfold tiling with eleven colours. For clarity, the colours are displayed for one kind of rhombs only.
